For the case of small matter effects: V ≪ ∆m 2 /2E, where V is the matter potential, we develop the perturbation theory using ǫ ≡ 2V E/∆m 2 as the expansion parameter. We derive simple and physically transparent formulas for the oscillation probabilities in the lowest order in ǫ which are valid for an arbitrary density profile. They can be applied for the solar and supernova neutrinos propagating in matter of the Earth. Using these formulas we study features of averaging of the oscillation effects over the neutrino energy. Sensitivity of these effects to remote (from a detector), d > l ν E/∆E, structures of the density profile is suppressed.
Introduction
For the LMA parameters the oscillations of solar and supernova (low energy) neutrinos inside the Earth occur in the vacuum (kinetic) energy dominating regime. This means that the matter potential V is much smaller than the kinetic energy of the neutrino system:
where
G F is the Fermi constant, N e (x) is the number density of the electrons, ∆m 2 = m 2 2 − m 2 1 is the mass squared difference.
In this case we can introduce a small parameter [1] :
and develop the corresponding perturbation theory. Neutrino oscillations in the weak matter effect regime have been discussed extensively before [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , in particular, for the solar and supernovae neutrinos propagating in the matter of the Earth. The previous work has been done mainly in the approximation of constant density profile which consists of several layers with constant density.
Here we derive general formula which is valid for arbitrary density profile provided that the condition (1) is satisfied.
ǫ-perturbation theory and oscillation probabilities
We will consider two active neutrino mixing
where ν f ≡ (ν e , ν a ) T , ν mass ≡ (ν 1 , ν 2 ) T , and
ν a is in general a combination of ν µ and ν τ . We will first find the evolution matrix for the mass eigenstates and then make projection onto the flavor states. In the mass eigenstate basis the Hamiltonian has the following form
It can be rewritten as
where ∆m
is the energy split in matter and U ′ is the unitary matrix which diagonalizes the Hamiltonian (6). U ′ is the mixing matrix of the mass states in matter, so that ν mass = U ′ ν m , where
T are the eigenstates in matter. The matrix U ′ has the form of (5) with the angle determined by sin 2θ
Mixing of the flavor states in mater is defined by ν f = U m ν m , where U m = U(θ m ) is the usual mixing matrix in matter with the angle θ m sin 2θ m (x) = sin 2θ
From definitions of the flavor states, mass states and eigenstates in matter we find ν f = U m (U ′ ) † ν mass , so that U = U m U ′ , and therefore
Evolution of the mass states is given by the equation idν mass /dx = H(x)ν mass with the Hamiltonian given in (6) . Its formal solution -the evolution matrix from the initial point x 0 to the final point x f -can be written as
where T means chronological ordering. Let us divide a trajectory of neutrinos into n equal parts (layers) of the size, ∆x, so that n = (x f − x 0 )/∆x, and assume constant density inside each layer. Then for the evolution matrix we obtain
is the evolution matrix of the matter eigenstates in ith layer with constant density; φ m x i−1 →x i is the relative phase between the matter eigenstates acquired in the layer i, and the phase between points a and b is determined by integral
The matix U ′ i relates the mass states with the matter eigenstates in the layer i:
Structure of the expression (13) is rather transparent: it is given by the product of the blocks (U
i ) for all the layers. In each layer we first project the mass states onto the matter eigenstates, then evolve the eigenstates and then project back to mass states.
We expand each block (U ′ i D i U ′ † ) in a power series of ∆x and keep it to the first order in ∆x. As a result, we obtain
(In the lowest order in ǫ(x) the diagonal terms of this matrix are zeros.) The evolution matrix (18) can be rewritten in the following form
In the limit n → ∞ we can replace 's by 's in this expression. Then taking into account definition of D i (14) we find
Finally, making use of eqs. (19) and (22) the evolution matrix can be expanded in a power series of small parameter ǫ:
where in the last expression we have taken the zero and the first order terms in ǫ only.
Using the evolution matrix in mass states basis (23) we can calculate the amplitudes and probabilities for different transitions. Notice that the evolution matrix in the flavor basis, S f , can be obtained immediately:
The evolution matrix from the mass states to the flavor states S f m is then
and U is the vacuum mixing matrix (5). Let us consider the most important examples. The amplitude of mass to flavor transition, ν i → ν α , on the way from x 0 to x f is given by
In particular, inserting the matrix (23) in this expression we find the amplitude of the ν 1 → ν e oscillations in the first order in V :
Probability of the ν 1 → ν e oscillations equals
Inserting the expression for phase (15) up to the first order in V we obtain
The probability of ν 2 → ν e transition relevant for the solar neutrino oscillations in the Earth can be obtained immediately from the unitarily condition:
Then the regeneration parameter (f reg ≡ P ν 2 →νe − sin 2 θ) equals
and φ m x→x f is given in eq.(15) Let us underline that these expressions are valid for arbitrary density profile provided that the condition (1) is fulfilled. In the Appendix we will show that corrections to these probabilities are of the order ǫ 2 . Notice that the terms which contain V are implicitly of the order ǫ. Indeed, the phase φ x→x f is proportional to ∆m 2 /2E:
whereK
and K(y) ≈ 1 is the weakly changing function of y. Then apparently, change of the variable in the integration over x: x → x∆m 2 /2E, will lead to appearance of ǫ(x). It is straightforward to show that the obtained formulas reproduce the well know results for particular density distributions. Thus, for one layer with constant potential we find from (31):
where l m = 2π/∆m 2 m is the oscillation length in matter. For profile with n symmetric shells we find performing explicit integration in (31)
where Φ 0 is the total phase acquired along the trajectory and Φ i is the phase acquired inside external radius of a given shell, ∆V i is the jump of potential at border of the ith shell. Notice that formulas for amplitudes e.g., in (27) resemble the Born amplitude for scattering, in the exponents with phases in the initial and final points are considered as the initial and final wave functions. 
Effect of averaging over neutrino energy
The formulas obtained in section 2 can be used to estimate a sensitivity of oscillation experiments to different structures in the density profile. Apparently, an integration over the neutrino energy leads to averaging of oscillations and therefore to lost of the sensitivity. To estimate this effect we introduce the energy resolution function f (E ′ , E) and perform averaging of the probability:
Here we have parameterized the effect of averaging by the averaging factor F (d), so that in the absence of averaging F = 1. The factor is a function of distance from the "detection" point x f :
Let us take for simplicity the box like resolution function f (E ′ , E), so that
Then assuming that ∆E ≪ E and making use of the approximation ∆m
where l ν ≈ l m is the oscillation length (see Fig. 1 ).
As follows from the Fig. 1, F (d) is a decreasing function of the distance from the detector. The decrease of F means that contributions from the large distances to the integral (36) are suppressed. According to Fig.1 which corresponds to ∆E/E = 0.2, the contributions from distances above 1500 km are attenuated by F at least by factor 5 in comparison with those from structures situated near the detector. Correspondingly, the sensitivity to remote structures is much weaker.
The larger ∆E, the smaller the width of the first peak which produces main effect. As follows from (38), the width of the peak and therefore the region of unsuppressed contributions due averaging is given by
The detailed analysis of the averaging effects and other applications of the obtained results will be given elsewhere [17] .
Conclusion
We have derived expressions for the oscillation probabilities in matter with arbitrary density profile for the vacuum dominated case: V ≪ ∆m 2 /2E. An accuracy of the expressions is determined by the parameter ǫ and does not depend on the length of neutrino trajectory.
The results can be applied for the solar and supernova (low energy) neutrinos crossing the Earth.
The obtained formulas reproduce the known probabilities for particular density distributions (one layer with constant density, several layers, etc.).
The formulas have very simple structure which allows us to use them efficiently for analysis of various phenomena. In particular, the effect of averaging over the neutrino energy can be easily traced. Averaging reduces sensitivity of the oscillation effects observed at the detector to remote structures of density profile.
Appendix: Effect of higher order corrections
Let us show that the S (2) term of the evolution matrix in eq. (23) is not proportional to the full length of the neutrino trajectory in matter, x f − x 0 , as it happens in the ordinary perturbation theory. So that S (2) can be neglected for any value of the length provided that ǫ ≪ 1. According to (22) the correction S (2) can be written as
